We analyze sum rules for the Υ system with resummation of threshold effects on the basis of the nonrelativistic Coulomb approximation. We find for the pole mass of the bottom quark m b = 4.75 ± 0.04 GeV and for the strong coupling constant α s (M Z ) = 0.118 ± 0.006. The origin of the contradiction between two recent estimates obtained within the same formal framework is clarified.
Introduction
The knowledge of precise numerical values of the coupling constant and quark masses is important for obtaining accurate predictions within QCD. The technique of sum rules is extensively used both for the determination of these parameters from experimental data on low lying resonances and for the calculation of properties of higher excited states [1, 2] . The Υ system is a rather clean place to obtain the values of the strong coupling constant α s and also of the b-quark pole mass m b which is a key parameter for the rich B-meson physics. In sum rules for the Υ system there are some subtleties that make them interesting by themselves, the main one being the importance of Coulomb effects and the applicability of the nonrelativistic approximation as a rather good starting point for the expansion in the coupling constant α s and the b-quark velocity v which are both small parameters of the problem [3] .
The expressions for the first few moments of the spectral density are now available in ordinary perturbation theory (PT) with α 2 s accuracy [4] , however, they cannot be used in theoretical formulas for sum rules directly because the spectrum is well known experimentally only for energies close to threshold due to existence of sharp resonances while the contribution of the continuum to these low moments is large in comparison with the resonance contribution. For higher moments that are saturated by these low energy resonances with better accuracy the ordinary PT expansion in the coupling constant is not applicable (the coefficients of the expansion grow fast with the order of the moment) and a resummation is required. In this paper we analyze the sum rules for the Υ system with resummation of Coulomb effects that are largely responsible for the growth of PT coefficients to extract the values of α s and m b . We consistently take into account the first order corrections in α s and give an estimate of the magnitude of the high order corrections.
The analysis is based on the same formal approach which has already been applied in refs. [5, 6] along different lines and with contradictory results. In ref. [5] the nextto-leading approximation in α s both to the high energy part of the correlator and to the Coulomb potential was used while in ref. [6] further terms of the perturbative expansion in α s have been partly included as well. This prevents the direct comparison of the results of those two papers though both claim that the corrections are small and under control. However, the numerical results do not overlap within the respective error bars and the clarification of the origin of this difference is in order. We find that the difference is to large extent due to neglecting in ref. [6] the contribution of Coulomb poles to the moments. We demonstrate that after including the contribution of the Coulomb poles the results of two papers can be made completely compatible by the corresponding choice of the scale in the nonrelativistic Coulomb potentialthe low one (µ ∼ 1 GeV) for the case of ref. [5] and of order of the b-quark mass for ref. [6] .
The result of ref. [5] for the value of α s (M Z ) is furthermore in contradiction with the LEP data [7] . The main uncertainty enters the theoretical predictions through the higher order α s corrections which become uncontrollable at the low normalization point used in ref. [5] . The uncertainties of the predictions given in ref. [5] are therefore strongly underestimated explaning thus the discrepancy with the LEP value for
The paper is organized as follows. The stage is set in Sect. 2 where our notations are fixed. The numerical analysis of sum rules is done in Sect. 3 where the procedure of optimization for the nonrelativistic Coulomb Green function is described. In Sect. 4 we discuss the difference between the present analysis and those of refs. [5, 6] . Sect. 5 contains our conclusions. Some explicit formulas are collected in the Appendix.
Sum rules and nonrelativistic approximation
We perform our analysis by computing the moments directly instead of using a representation for them through the propagation function of the nonrelativistic approximation in Euclidean time as done in ref. [5] . The difference between these two approaches is briefly discussed later.
The moments of the spectral density are defined to be dimensionless and are given by the following expression
and Π(s) is the polarization function of the b-quark vector current
The assumption of quark-hadron duality relates the imaginary part of the polarization function R(s) to the experimentally measurable quantity R b (s) = σ(e + e − → hadrons bb )/σ(e + e − → µ + µ − ) by the sum rules
with
The experimental values of the moments are obtained by using information on the first six Υ resonances. Their leptonic widths Γ k and masses M k , (k = 1 . . . 6) are known rather precisely [7] M n = (4m
while the last term is a continuum contribution. Beyond the resonance region, for energies larger than s 0 ≈ (11.2 GeV) 2 , the spectral density R b (s) can be approximated by the ordinary PT expression for the theoretical spectral density R(s). The influence of the continuum on high moments is almost negligible numerically and in any case under strict control. Here α 2 QED (m b ) = 1.07α 2 [5] . The theoretical expression of the polarization function in the nonrelativistic approximation that is justified for the energy region near the threshold is given by [8] Π
where C F = 4/3. The energy of the nonrelativistic Coulomb bb system counted from the threshold is E = −k 2 /m b , and there are several ways of introducing k through the relativistic parameter of energy square s
which all are equivalent in nonrelativistic approximation near the threshold. For 
where V C is the Coulomb potential, V C = −C F α s /r and explicit expressions for V 1, 2 are given in the Appendix (eq. (16)). The corrections to the Coulomb potential in eq. (4) generate corrections to the Coulomb GF G C . The full nonrelativistic GF in condensed notation (see Appendix for more details) is given by q
where G C is a Coulomb GF and G 1 and G 2 correspond to V 1 and V 2 contributions 
Numerical analysis of sum rules
We consider two methods to compute the nonrelativistic GF when higher order perturbative corrections to the potential are included. The first one is the direct computation when the splitting into the leading term (Coulomb) and corrections is determined by the ordering in the MS scheme, i.e. we count powers of α s . This method in fact fails because the expansion turns out to be badly divergent. The second methods is the optimized computation when the splitting of the whole potential into the leading term (Coulomb) and corrections is determined by the physics of the problem rather than the artificial MS charge. This technique gives solid results when all expansions (for the effective charge and for the nonrelativistic GF) converge well for the moments that are computed.
Direct computation
To compute the theoretical part of sum rules we use the approximation (2) for the polarization function. As a function of the nonrelativistic variable E the exact nonrelativistic Coulomb Green function of the bb system G(0, 0, E) has its poles below threshold for real E < 0 (s < 4m 2 b ) corresponding to the bound states, and a cut above the threshold at real E > 0 (s > 4m 2 b ). Accordingly, the theoretical moments are split into
where P n is the pole contribution from the energy region below the threshold
and C n is the continuum contribution from the energy region above the threshold Table 1 : The 0th, 1st and 2nd order pole contributions to the moments Then the total moments are represented by the sum
where M C n is the contribution of a pure Coulomb part, M i n are the contributions due to G i terms in eq. (5) . The same representation is used for P n and C n parts separately and also for Π(s) and R(s), for instance, P n = P C n + P 
Optimized computation
Now we turn to our method of computating the nonrelativistic Green function with optimization of contributions due to higher order corrections to the potential. In contrast to QED where the Coulomb term exhausts the potential in the nonrelativistic approximation and hence generates the full Green function, in QCD the potential itself is a PT expansion in α s . Due to the presence of log(µr) terms in this expansion the nonrelativistic Green function cannot be obtained in closed form and some approximations have to be employed. The perturbative expansion in the corrections to the potential looks natural for this purpose. Now, for computation of the best approximation for the nonrelativistic GF (5) we apply the technique of optimization of the expansion (5) with regard to higher order corrections using the freedom of redefinition of the leading order approximation by the proper choice of the Coulomb coupling constant [11] . It is clear that α s in the MS scheme is not necessarily the best choice for the coupling if the Coulomb solution is used as a leading approximation for the nonrelativistic GF. To improve the situation we introduce an effective Coulomb charge by adding a part of the higher order constant contribution to the leading term.
We parametrize this part with a parameter t. To some extent this is reminiscent of the simple change of the scale µ, though in reality it is a more sophisticated procedure.
Its intension is to minimize (or optimize) the contribution of the logarithmic terms in the potential that cannot be treated exactly. The µ dependence is still present and controlled by the ordinary renormalization group invariance. Moreover, in contrast to ref. [5] where different normalization points are used for the analysis of the soft and hard corrections, in our approach we may use a unique expansion parameter α s (m b ) and the corrections related to the matching are absent. Thus, the Coulomb part of the GF is determined by an effective Coulomb parameter α C (t)
with α C (t) being a function of α s
The explicit formula for such a decomposition to one loop (first order approximation for the potential) reads
with C 1 i given in the Appendix. Now
where the effective Coulomb termṼ C is given by (7) with the effective charge (8) andṼ 1 is considered as a correction. Thus we have added a part of the constant of the second order term (V 1 ) to the Coulomb charge of the leading approximation.
Developing the expansion around the Coulomb GF corresponding toṼ C we minimize corrections by choosing the proper numerical value of the parameter t. At the final stage we have to check that both expansions (for the nonrelativistic GF around the Coulomb approximation and for the effective charge around the α s ) converge well.
This happens to be the case for the considered system. Otherwise one would have to conclude that the problem cannot be treated perturbatively, i.e. one cannot use the PT expression for the potential to generate the nonrelativistic approximation.
Technically the method results in substituting the combination C F α s by C F α C in G C and G 1 . Then we choose t(n) (or α C ) such that M 1 n = 0 to get the best convergence of the series (6) .
In the analysis we use moments with 10 < n < 20. For this range of moments the contribution of the continuum (not well known experimentally) is sufficiently suppressed for the results being practically independent of s 0 and, at the same time, the nonperturbative power corrections due to the gluonic condensate are suppressed too [5] . We use the normalization point µ = m b and take into account the first order α s corrections to the polarization function (2).
The result of the fit α s (m b ) = 0.22 ± 0.02 or α s (M Z ) = 0.118 ± 0.006 is in a good agreement with other estimates [7] . The sum rules are much more sensitive to the b-quark mass than to the strong coupling constant so it is instructive to fix α s (M Z ) = 0.118 to the "world average" value [7] and then to extract m b (n). The results for m b (n) are given in Table 3 , together with the individual moments and the respective values of the effective charge. Table 3 : The n distribution of m b , P n , C n and α C /α s for µ = m b , α s (M Z ) = 0.118
Our final estimate of the b-quark mass is m b = 4.75 GeV, the average over the range n = 10−20. As we see, the pole contribution exceeds the one from the continuum and obviously cannot be neglected as it was done in ref. [6] . What is the uncertainty of this result? The total error from the specific choice of k(s) in (3) and from the numerical value for s 0 is about ±0.1%. However, the main uncertainty originates from higher orders of PT for the potential (4) or from the expansion of the GF in eq. (5). This can be estimated from the n distribution (Table 3) or from the µ dependence of the results which formally must be canceled by the higher order contributions (Table 4) . Table 4 : The µ dependence of m b , N pt , α C /α s and α s for n = 14, α s (M Z ) = 0.118
Note that at the scale µ ∼ m b both the hard gluon corrections which are parametrized by the factor
and the soft gluon corrections parametrized by the ratio α C /α s are of the same order ∼ 35% so this seems to be an optimal normalization point. For lower scale the hard corrections become large while for higher scale the same is true for the soft corrections.
These latter corrections can be also estimated directly by adding the G 2 part of the nonrelativistic GF. The relative weight of α s corrections can be found from Table 5 .
In the Coulomb approximation the hard gluon corrections, i.e. the perturbative factor in eq. (2) is neglected while the 1st order corrections include this factor and the G 1 part of the nonrelativistic GF. In the second order estimate we take into account the 
Comparison with the previous analyses
In ref. [5] the low normalization point µ = 1 GeV is used which is effectively a way of reshuffling the PT series in higher orders. The hard gluon correction was separated and taken at µ = 0.632m b . Using these prescriptions we reproduce the results of ref.
[5] m b = 4.827 ± 0.007 GeV, α s (M Z ) = 0.109 ± 0.001 within our approach.
The precision of these results is however strongly overestimated: no variation due to higher order corrections (which at this level reduces effectively to the change of the parameter µ) is allowed. The quoted errors just reflect the difference between different moments while the µ dependence is fixed from the very beginning. Also, although the correction induced by using different normalization points for hard and soft regions respectively is formally of the next (second) order in α s , they can be very essential because of the low normalization point. This can be seen clearly from the fact that at µ ∼ 1 GeV the first order hard gluon corrections are about 80% so that PT does not converge. On the other hand we found that the second order correction to the moments due to V 2 term of the potential (4) exceeds 100% at µ ∼ 1 GeV so the first order PT can be hardly used for the analysis of the soft gluon corrections at this scale though the first order corrections are minimized (equal to zero). The error bars given in ref. [5] do not account for high order corrections. This is the reason for the discrepancy between the result of ref. [5] and LEP data on α s (M Z ) [7] .
Speaking of uncertainties we would like to touch the point of using the moments in relativistic representation against the Laplace transform of the nonrelativistic GF.
We mentioned this problem in the beginning of Sect. 2 when explaining details of our treatment of nonrelativistic approximation. The parametric estimate of O(1/n) for difference between moments and Laplas transform in ref. [5] is not correct for an arbitrary large n. Let us demonstrate it in more detail now. Two formulas for the
that are used and where s = (2m + E) 2 are not equivalent up to 1/n terms for large n for any function R(s) but only for rather smooth ones. In fact, the dominant contribution to the theoretical value of the moments is due to Coulomb bound states which lead to δ-function singularities in R(s). So, one has to check the equality
while the right hand side of eq. (11) is
and these two quantities are not related by the estimate (11), i.e. with an accuracy of O(1/n) uniformly in n and ∆. Indeed for large n and fixed negative ∆ one has
(1 + ∆) 2n+1
They are close to each other with the stated accuracy only for |∆| 2 n << 1 that can be easily checked by expanding both quantities in a Taylor series for small |∆|. For a smooth function, however, the estimate (11) is valid. For instance, for R(
in accordance with eq. (13) Table 3 ) but only to ∼ 3% variation of the b-quark mass. Then the way the potential is treated in ref. [6] seems not to be correct to us. A simple use of the running coupling constant α V (q) with q = s − 4m 2 b which is defined in all orders of PT as V (r) = −C F α V (r)/r instead of α s in the leading order nonrelativistic result (Sommerfeld factor) [6] is not consistent with the expansion of the GF (5) that is generated by PT of the potential (4) though it does catch a part of the contribution.
This can be directly found by comparing the data listed in Table 2 and Table 6 which contains the continuum contributions Z n to the moments computed according to the prescription of ref. [6] by inserting the running coupling α V (q) into the Sommerfeld factor. Note that in our approach this procedure corresponds to inserting α V (q) instead of α s to the Coulomb GF G C . In Table 6 the quantities Z i n are defined as follows
where
V is a series for α V in α s up to the ith order
V (q) and numerical values of parameters can be directly found from eqs. (16, 17) in the Appendix). The quantity R C (s) for s > 4m
v being the b-quark velocity. Note that in eq. (15) α s is not substituted by α V in the perturbative factor N pt (2, 10) . Thus the quantities Z Tables 2, 6 one finds that within the approach of ref. [6] the corrections to the leading order continuum contribution are about 2-4 times underestimated. In any case, the main difference between the present analysis and that of ref. [6] is just the neglect of the pole contribution. Thus the main problem at the present stage of calculation is the consistent treatment of the next-to-leading α s corrections.
• The pole contribution to the theoretical spectral density is omitted in ref. [6] .
This results in the a significant difference in the determination of m b (which we consider as erroneous) and leads to the impressive stability against a variation of µ (or against inclusion of higher orders of PT) because it is the pole part that is strongly µ dependent.
• In the paper [5] the low normalization scale is used where the validity of the expansion around Coulomb solution due to huge high orders α s corrections is questionable. The uncertainty of the results is strongly underestimated in ref. [5] . 
Evaluation of the corrections to the Coulomb GF is straitforward but rather complicated. In the calculation we used the representation of the Coulomb GF G C (x, y, k)
as a sum of Laguerre polynomials [3] . The result reads and Γ(x) is the Euler Γ-function.
